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Dicke’s original thought experiment with two spins (two-level atoms) coupled to a photon mode
has recently been experimentally realized. We propose extending this experiment to many spins
as a way to synthesize highly entangled states. We suggest a protocol in which we start with a
direct product state of M atoms in the excited state and N atoms in the ground state, placed
within a lossy cavity. A null observation for photon emission collapses the system onto a dark state
which, remarkably, has resonating valence bond (RVB) character. We demonstrate this by taking
advantage of the symmetry of the initial state under permutations of the M excited atoms and of
the N unexcited atoms. Using angular momentum analysis, we reexpress the wavefunction of the
dark state to illustrate its RVB character. We discuss two limiting cases in detail, with M = 1
(one excited atom) and M = N (equal number of excited and unexcited atoms). In the latter case,
we show that the probability for null emission scales as N−1 making it possible to generate highly
entangled RVB states of 20 spins or more.
PACS numbers: 42.50.Pq, 42.50.Fx, 75.10.Kt
I. INTRODUCTION:
Dicke, in his seminal 1954 paper[1], showed that two-
level systems coupled to a common photon mode will
decay coherently. He begins his argument with a classic
thought experiment considering two two-level systems –
one in the excited state and the other in the ground state.
Na¨ıve intuition suggests that this system will emit a sin-
gle photon. However, by mapping the two-level systems
to spin-1/2 spins, the initial state is seen to be a linear
combination of a dark singlet state and a bright triplet
state. Hence, a photon will only be emitted with proba-
bility half. Building on this two spin experiment, Dicke
argued that outgoing radiation from an N-spin system
will be dominated by coherent photons emitted by ‘su-
perradiant’ states which have maximal total angular mo-
mentum, S.
The notion of superradiance has been realized and
tested in many physical contexts, e.g., Bose-Einstein
condensates[2], nuclear spins[3], magnons[4], excitons in
quantum dots[5], etc. Recently, Mlynek et al[6] have
recreated Dicke’s original thought experiment in the
lab using two superconducting qubits in a microwave
cavity[7]. By measuring the density matrix of the emit-
ted photon, they showed that the spins form a mixed
state with dark and bright components. Their result may
be expressed as follows: two otherwise isolated spins be-
come entangled due to their coupling to a common pho-
ton field. From this perspective, this experiment heralds
a new method to create entangled quantum states in the
lab.
Generating entangled states has been a long standing
goal. There are well established ways to generate en-
tangled pairs using polarized photons[8]. However, it re-
mains a challenge to generate multi-particle states with
entanglement despite some recent successes[9–11]. Sev-
eral studies have examined whether Dicke superradiance
could be used to generate entanglement[12–14]. In con-
trast, ‘subradiant’ states have recently evoked interest
as quantum memories, capable of storing information in
long-lived states[15–17].
In this letter, we present a protocol to synthesize cer-
tain subradiant states which are highly entangled. In par-
ticular, these states are realizations of resonating valence
bond (RVB) physics, first discussed by Pauling in the
context of Benzene[18]. RVB states are of great interest
as precursors to high temperature superconductivity[19,
20] and as examples of topological order[21]. Clean ex-
perimental realizations of RVB states will go a long way
in helping us understand these phenomena. However,
synthesizing RVB states has proved extremely difficult
so far[22], successfully achieved only for 4 spins[23].
II. THE DICKE MODEL:
Consider Q identical qubits within a cavity resonator.
The qubits are in near-resonance with one of the cavity
modes so that all other modes may be neglected. The
inter-qubit distance, r, is much smaller than the photon
wavelength (r  λ) so that their coupling constants do
not incur a phase difference. At the same time, the dis-
tance is larger than the particle wavelength so that inter-
qubit interactions may be neglected. Following Dicke’s
arguments, the Q-qubit system may be described using a
wavefunction for Q spin-1/2 moments, expressed in terms
of total angular momentum states |Stot,mtot〉[24]. The
spin operators for total spin are given by the sum of the
individual qubit operators Sˆαtot = Sˆ
α
1 + . . . + Sˆ
α
Q, with
α = x, y, z. Within the rotating wave approximation[25],
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2this system is described by the Dicke Hamiltonian,
H = λSˆztot + ωca
†a+ g{Sˆ−tota† + Sˆ+tota}, (1)
where a (a†) represents photon annihilation (creation).
Dicke’s thought experiment considers Q = 2 spins,
with one spin in the excited state, represented by |↑〉, and
the other in the ground state, |↓〉. This state is an equal
superposition of a singlet, |s〉 = {|↑↓〉 − |↓↑〉}/√2, and a
triplet wavefunction, |t0〉 = {|↑↓〉+ |↓↑〉}/
√
2. While the
triplet component can emit a photon and decay to the
|t−1〉 state, the singlet component is dark. If an emit-
ted photon is detected, this constitutes a measurement
that will collapse the spin wavefunction onto the |t−1〉
state. Conversely, a null observation for photon emission
collapses the system onto the singlet state, leaving both
spins entangled.
III. PROPOSED PROTOCOL:
Extending Dicke’s thought experiment to Q spins, a
dark state can be isolated as follows:
• Initialize spins in suitable direct product state
• Observe if any photon is emitted from cavity
• If photon is detected, discard current run
• If no photon is detected for several decay time peri-
ods (time scale set by lossiness of cavity), the spin
wavefunction has collapsed onto a dark state
This protocol is suitable for the lossy cavity limit wherein
the rate of photon loss from the cavity is much higher
than the rate associated with atom-spin coupling. An
emitted photon will ‘instantaneously’ leave the cavity
allowing for a precise measurement of emitted photons
and their properties. The recent realization of Dicke’s
thought experiment[6] was achieved in this regime. By
choosing the initial direct-product state suitably, we can
use this proposal to generate interesting dark states.
In particular, the nature of the resulting dark state is
uniquely determined by the initial direct product state.
In what follows, we use permutation symmetries of the
initial direct product state and properties of angular mo-
mentum addition to find an exact expression for the dark
state. We then explicitly construct an RVB state and
demonstrate that it is identical to the dark state.
IV. INITIAL STATE:
We start with M qubits in the excited state and N in
the ground state.
|Ψinitial〉 = | ↑ . . . ↑︸ ︷︷ ︸
Mspins
↓ . . . ↓︸ ︷︷ ︸
Nspins
〉 =
∣∣∣∣ ↑ . . . ↑↓ . . . . . . ↓
〉
. (2)
For convenience, we have arranged the spins in two rows:
the ‘up’ spins in the top row and the ‘down’ spins in the
bottom row. We will assume that M ≤ N ; it can be
easily seen that this is a necessary condition to have a
dark state. Note that this initial state is invariant under
in-row permutations, i.e., reordering of spins within each
row. The problem is highly constrained by this symmetry
which is preserved under time evolution. This is due to
the nature of the Dicke Hamiltonian which is manifestly
symmetric under any permutation of spins. While the
total dimension of the Hilbert space of M +N qubits is
2M+N , we are only concerned with a much smaller space
of dimension (M + 1) × (N + 1). To see this, note that
in-row permutation symmetry forces the top row to have
the total angular momentum Stot = M/2 and the bottom
row to have Stot = N/2. This stems from a general
property of superradiant states: a state of P spins that
is symmetric under any permutation of the constituent
spins has maximal Stot value, which is P/2[26]. Such
states form a subspace of dimension {2(P/2)+1} = P+1.
V. COLLAPSE BY PHOTON OBSERVATION:
As the initial state has mtot = (M − N)/2, we may
write
|Ψinitial〉 =
(N+M)/2∑
S=(N−M)/2
aS |Stot = S,mtot = M −N
2
〉. (3)
Each component of this state, indexed by Stot, will emit
a different a number of photons. By measuring the num-
ber of emitted photons, we perform a Stern-Gerlach-type
measurement which collapses the wavefunction. In par-
ticular, observation of null emission collapses the wave-
function onto
|ΨM,Ndark 〉 ∼ PˆS=(N−M)/2|Ψinitial〉. (4)
Note that |ΨM,Ndark 〉 has mtot = (M − N)/2 and cannot
reduce its mtot quantum number further. We assert that
this state is also symmetric under in-row permutations.
This is due to the projection operator itself being sym-
metric under any permutation of spins. This can be seen
by construction,
PˆS=Σ =
∏
S′ 6=Σ
Sˆ2tot − S′(S′ + 1)
Σ(Σ + 1)− S′(S′ + 1) . (5)
As it only contains Sˆtot, it is symmetric under any per-
mutation of the constituent spins.
VI. ROW-WISE DECOMPOSITION:
We now reepxress the dark state in terms of row-
wavefunctions. On the basis of the above arguments,
3
. . .
. . .
N spins
M spins
. . .
. . .
| initi =
. . .
. . .
(N  M) unpaired spins
M   p dimers
N  M + p
. . .
M   p dimers
p spins
p spins
| RV Bi = 1
 N
X
PM
X
PN
. . .
. . .
(N  M)
unpaired spins
(N  M)
unpaired spins
M dimers M dimers
| RV Bi = 1
 N,M
X
P (N,M)
=
1
 N,M
X
PN
FIG. 1. Explicit construction of the RVB state. The sum is
over P (N,M) - the number of ways of assigning one partner
from the bottom row for every spin in the top row, leading
to NPM terms. The quantity βN,M is a normalisation con-
stant. Upto an overall constant, this sum can be rewritten
as a sum over all permutations of spins in the bottom row,
with N ! terms. The extra constant has been absorbed into
the normalisation constant, γN,M .
we have
|ΨM,Ndark 〉 =
M∑
λ=0
Cλ|Stot = M/2,mtot = M/2− λ〉t ⊗
|Stot = N/2,mtot = λ−N/2〉b. (6)
The subscripts ‘t’ and ‘b’ denote ‘top’ and ‘bottom’ rows
respectively. The Stot quantum numbers are fixed to
their maximal values due to in-row permutation symme-
try. The mtot values have been assigned to conserve the
z-component of total spin, mtot = (M −N)/2.
It is now apparent that the coefficients Cλ are simply
Clebsch Gordan coefficients, C(j1j2J ;m1m2), with j1 =
M/2, m1 = M/2 − λ, j2 = N/2, m2 = λ − N/2 and
J = (N−M)/2. Using known expressions for the Clebsch
Gordan coefficients[27], we obtain
Cλ = (−1)λ
[
(N −M + 1)M !(N − λ)!
(N + 1)!(M − λ)!
]1/2
. (7)
VII. RVB CONSTRUCTION:
We now construct the conjectured RVB state and
rewrite it in a form similar to Eq. 6. By explicitly eval-
uating the expansion coefficients, we see that the RVB
state is identical to the dark state above.
Our construction is shown in Fig. 1. We pair each spin
from the top row with one of the spins in the bottom
row. With each pair, we associate a singlet wavefunc-
tion, {| ↑t↓b〉 − | ↓t↑b〉}/
√
2. We follow a fixed ordering
convention similar to the Marshall sign convention in a
bipartite lattice[28]: in a singlet wavefunction, the spin
in the top row occurs first. As M < N , every spin in
the top row is part of a singlet while (N −M) spins re-
main unpaired in the bottom row. The pairing of spins
can be done in many ways; to be precise, the number of
possibilities is NPM , the number of ways of choosing an
ordered set of M objects out of N . As argued in Fig. 1,
this can be recast as a sum over all permutations of the
spins in the bottom row with N ! terms. Our RVB state is
the equal-amplitude in-phase superposition of every such
pairing configuration.
Having explicitly defined the RVB wavefunction, we
expand it in the Sz basis, to obtain
|ΨRV B〉 =
M∑
κ=0
(−1)κ
γN,M2M/2
 ∑
C(M,κ)
| ↓ . . . ↓︸ ︷︷ ︸
κ
↑ . . . ↑︸ ︷︷ ︸
M−κ
〉t
⊗
∑
PN
| ↑ . . . ↑︸ ︷︷ ︸
κ
↓ . . . ↓︸ ︷︷ ︸
N−κ
〉b
 . (8)
The factor of 2−M/2 comes from the
√
2 factor in each
singlet wavefunction. The summation over C(M,κ) is
over
(
M
κ
)
terms, corresponding to the number of ways
of choosing κ out of M spins. The summation over PN
denotes a sum over all permutations of the N spins in the
bottom row.
The wavefunctions for the top and bottom rows above
are clearly permutation symmetric. They can be written
in terms of angular momentum eigenstates using
|Stot=M/2,mtot = M/2− κ〉t =
(
M
κ
)−1/2
×
∑
C(M,κ)
| ↑ . . . ↑︸ ︷︷ ︸
M−κ
↓ . . . ↓︸ ︷︷ ︸
κ
〉t,
|Stot=N/2,mtot = κ−N/2〉b =
(
N
κ
)−1/2
×
∑
C(N,κ)
| ↑ . . . ↑︸ ︷︷ ︸
κ
↓ . . . ↓︸ ︷︷ ︸
N−κ
〉b
=
1
κ!(N − κ)!
(
N
κ
)−1/2∑
PN
| ↑ . . . ↑︸ ︷︷ ︸
κ
↓ . . . ↓︸ ︷︷ ︸
N−κ
〉b. (9)
The summations over C(M,κ), C(N,κ) and PN are as
defined above. We conclude that
|ΨRV B〉 =
M∑
κ=0
(−1)κ
γN,M2M/2
κ!(N − κ)!
(
N
κ
)1/2(
M
κ
)1/2
|Stot=M/2,mtot = M/2− κ〉t ⊗
|Stot=N/2,mtot = κ−N/2〉b. (10)
We have effectively performed a Schmidt decomposition
into top and bottom row wavefunctions. We now com-
pare this with Eq. 6. We note that |Stot = M/2,m〉t and
|Stot = N/2,m〉b are uniquely defined states – for a sys-
tem with P spins, in the superradiant (Stot = P/2) sec-
tor, states are uniquely identified by their mtot quantum
numbers (see Appendix). If we choose the normalisation
constant to be
γN,M =
N !
2M/2
√
N + 1
N −M + 1 , (11)
we see that the coefficients in Eqs. 6 and 10 are identical.
We have shown that the row-wise expansions of |ΨM,Ndark 〉
4~ + + +
~ + +Pˆ1
Pˆ3/2
1p
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FIG. 2. Dark component of (N + 1)-spin state with one spin
up, for N = 3, 4. The dark state is obtained by action of the
projection operator PˆS=(N−1)/2, followed by normalization.
The result is a linear combination of single-dimer states. The
normalization constant for general N is
√
2/N(N + 1).
and |ΨRV B〉 have identical coefficients. Since the basis
states in the decomposition are unique, it follows that
|ΨM,Ndark 〉 = |ΨRV B〉. (12)
The subradiant state realized by a null-measurement is,
in fact, the RVB state.
VIII. PROBABILITY OF NULL EMISSION:
The probability for null emission (i.e., for collapse onto
the RVB state) is |a(N−M)/2|2, where a(N−M)/2 is the
amplitude of the dark component in Eq. 3. We have
a(N−M)/2 = 〈Ψinitial|ΨRV B〉. Using the form of |ΨRV B〉
in Eq. 8, we see that only κ = 0 contributes to the over-
lap. We obtain
P(null emission)= |〈Ψinitial|ΨRV B〉|2 =N −M + 1
N + 1
.(13)
We now consider two special cases.
IX. INITIAL STATE WITH SINGLE
EXCITATION:
The simplest initial state which gives a non-trivial re-
sult is |↑↓ · · · ↓〉, i.e., one qubit is in the excited state
(M = 1) and N qubits are in the ground state This gives
rise to an RVB state as shown in Fig. 2. The initially ex-
cited spin forms a singlet with one of the N available un-
excited spins. The RVB state is a symmetric linear com-
bination of all such possibilities. This state has ‘weak’
RVB character in that only 2 out of N + 1 spins partic-
ipate in dimer formation. This dark state underlies the
phenomenon of ‘radiation trapping’[29, 30]. The proba-
bility of null emission is large, N/(N+1), so that very few
runs have to discarded in the protocol discussed above.
X. INITIAL STATE WITH HALF THE SPINS
EXCITED:
Next, we choose the initial state to be | ↑ . . . ↑︸ ︷︷ ︸
N
↓ . . . ↓︸ ︷︷ ︸
N
〉
with equal number of ↑ and ↓ spins (M = N). The
resulting dark RVB state is shown in Fig. 3 for N = 3, 4.
It is a linear combination of N ! dimer configurations,
which can be seen as follows. We can initially place N
dimers vertically, connecting each spin of the top row
with the spin directly below it. We can permute the spins
of the bottom row to give rise to different allowed dimer
configurations. The number of dimer configurations is
thus N !, the number of distinct permutations of N spins
in the bottom row.
This RVB state has Stot = 0; it can neither increase
nor decrease its mtot quantum number. It is ‘doubly
dark’ as it can neither absorb or emit photons, a key
feature that distinguishes it from other dark states such
as that in Fig. 2. This suggests a clear experimental
signature – when external photons are pumped in, the
cavity’s transmission characteristics will be the same as
that for an empty cavity without spins. This can be
used to weed out false positives arising from an imperfect
photon detector.
This state, resulting from the initial state withN = M ,
has ‘strong’ RVB character in that every spin is part of
a dimer. This is an analogue of the RVB ground state
proposed for antiferromagnets by Anderson[19]. Tuning
M away from N is equivalent to doping, with unpaired
spins playing the role of ‘spinons’. Unlike lattice sys-
tems where RVB states have been extensively studied
(e.g., in Refs. 31–33), our system is fully local. Neverthe-
less, it would be interesting to see if signatures of super-
conductivity emerge. The RVB wavefunction has Slater-
permanent character. Thinking of dimers as particles, we
assume single-particle states to be indexed by the posi-
tion within the top row. The position in the bottom row
acts as a spatial coordinate. In this language, the RVB
state is a Slater permanent – it resembles the wavefunc-
tion of N indistinguishable particles with bosonic char-
acter.
XI. ENTANGLEMENT IN THE RVB STATE:
The RVB state is manifestly entangled. To quantify
this, we notice that Eq. 10 provides a row-wise Schmidt
decomposition of the RVB state. We can now partially
trace over one of the rows to find its reduced density
matrix. For the N = M case, we have
|ΨN=MRVB 〉 =
M∑
λ=0
(−1)λ√
N + 1
|Stot = N/2,mtot = N/2− λ〉t ⊗
|Stot = N/2,mtot = λ−N/2〉b. (14)
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FIG. 3. Dark component of (2N)-spin state with half the
spins excited initially, for N = 3, 4. An RVB state results
from the action of the singlet projection operator.
The resulting reduced density matrix for each row is di-
agonal; the corresponding entanglement entropy is
St = Tr{ρˆrtop log(ρˆrtop)} = log(N + 1), (15)
which grows with N . From Eq. 13, the probability for
null emission is 1/(N + 1), falling slowly with N . This
paves the way to generate entangled states of many par-
ticles, e.g., an RVB state of 20 spins can be created at the
cost of discarding ∼ 91% of the runs in the experiment.
XII. DISCUSSION:
We have shown that a null measurement for photon
emission can be used to generate RVB states with high
entanglement. Our work builds upon earlier studies of
measurement-induced entanglement[34–38], subradiance
in quantum dots[39] and vacuum-induced coherence[40,
41]. These works follow a stochastic approach requiring
averaging over several measurements to generate entan-
gled density matrices. In contrast, our proposal exploits
wavefunction collapse to give a pure state with entangle-
ment. Our scheme also naturally generalises to many-
spin systems, producing a specific family of RVB states.
A limiting factor in our proposal is that inter-qubit
coupling, e.g. of dipolar character, may cause dephasing.
However, interactions may be useful for creating more in-
teresting RVB states, by inducing a preference for shorter
range dimers. This is a promising direction for future re-
search as short range RVB states are known to harbour
topological order[21].
Appendix A: Consequences of permutation
symmetry
Here, we expand on some of the mathematical ideas
underlying the arguments in the main text. The key
ingredient in our discussion is in-row permutation sym-
metry. This gives rise to three properties which we list
as lemmas here.
• Lemma 1: A state of M spins that is symmet-
ric under any permutation of the M constituent
spins must necessarily have Stot = M/2, i.e., it
has the maximal total angular momentum quan-
tum number. Conversely, if a state of M spins has
Stot = M/2, it is symmetric under any permutation
of the constituent spins.
• Lemma 2: For the system with M spins, a quantum
state with Stot = M/2 is uniquely defined by its
mtot quantum number, i.e., a state given by |Stot =
M/2,m〉 is unique.
• Lemma 3: For the system with M spins, the pro-
jection operator onto the subspace with fixed Stot
quantum number is symmetric under permutations.
This can be seen by explicit construction. We have
PˆS=Σ =
∏
S 6=Σ
Sˆ2tot − S(S + 1)
Σ(Σ + 1)− S(S + 1) . (A1)
This is easily seen to satisfy all conditions required
of a projection operator, e.g., Pˆ 2S=Σ = PˆS=Σ and
PˆS=Σ acts as the identity operator on any state
with S = Σ. As it only contains the Sˆtot opera-
tor, it is symmetric under any permutation of the
constituent spins.
Lemmas 1 and 2 are known properties of superradi-
ant states. They follow from the fact that |Stot =
M/2,mtot = M/2〉 = | ↑ . . . ↑〉 is uniquely defined. All
other states with Stot = M/2 can be obtained by the
action of ladder operators on this state, with the lad-
der operators themselves being permutation symmetric.
Lemma 3 is a deep consequence of permutation symme-
try, related to Schur-Weyl duality.
In the arguments preceding Eq. 6 in the main text, we
use Lemma 3 above to argue that the dark state wave-
function is symmetric under in-row permutations. Sub-
sequently, we perform a row-wise decomposition of the
dark state wavefunction. We may write
|ΨM,Ndark 〉 =
∑
µ,µ′
Cµ,µ′ |µ〉t ⊗ |µ′〉b,
where t and b denote top and bottom rows respectively.
Here, µ (µ′) are quantum numbers that characterise
states from the Hilbert space of the top (bottom) row.
Now, invoking in-row permutation symmetry of |ΨM,Ndark 〉,
6we conclude that |µ〉t is symmetric under any permu-
tation of the M spins in the top row. Similary, |µ′〉b
is symmetric under any permutation of the N spins in
the bottom row. From Lemma 1, we conclude that |µ〉t
has Stot = M/2 and |µ′〉b has Stot = N/2. Further-
more, from Lemma 2, the only quantum number we need
to characterise these states is mtot. The mtot quantum
numbers must be chosen in such a way as to conserve the
z-component of angular momentum. This leads to the
row-wise decomposition in Eq. 6 of the main text.
1. Equivalence between dark state and RVB state
In the arguments after Eq. 10 in the main text, we com-
pare Eq. 6 and Eq. 10. These equations provide row-wise
decompositions of |ΨM,Ndark 〉 and |ΨRV B〉. We have explic-
itly shown that the coefficients in the expansion are equal.
To argue that |ΨM,Ndark 〉 and |ΨRV B〉 are identical, we
need to ensure that the wavefunctions (|Stot=M/2,mtot =
M/2− κ〉t and |Stot=N/2,mtot = κ−N/2〉b) in the ex-
pansion are identical. This follows from Lemma 2 above
which ensures that mtot uniquely identifies a state with
maximal Stot.
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